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1. Introduction
Throughout this paper, all local ﬁelds will be non-archimedean and have characteristic zero.
The Langlands–Shahidi method connects Plancherel measures to local L-functions through the
poles of intertwining operators and their normalization whenever the inducing data is generic
[26,28,29]. In particular, if one knows what the poles of local L-functions are, one can get poles
of intertwining operators and thus unitary reducibility points for a generic discrete series inducing
data and conversely. This gives a direct link between harmonic analysis and number theory as these
local L-functions which were deﬁned through harmonic analysis in [26,29] are Artin L-functions
whenever the local Langlands correspondence is established at the level of the corresponding Levi
subgroups.
Let G be the split simply-connected group of type E6 or E7 deﬁned over a local ﬁeld F . With a
ﬁxed choice of a Borel subgroup B of G deﬁned over F and a maximal torus T ⊂ B, let  be the set
of simple roots.
Let Pθ be the standard F -parabolic subgroup with standard Levi decomposition MN where θ =
 − {α4} generates M.
For every algebraic group H over F , we use H to denote H(F ).
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a= Hom(X(M)F ,R)
and let a∗
C
= a∗ ⊗Z C where
a∗ = X(M)F ⊗Z R
denotes the dual of a. Deﬁne the homomorphism HM : M → a by
q〈χ,Hp(m)〉 = ∣∣χ(m)∣∣F
for all χ ∈ X(M)F .
Given an irreducible admissible representation σ of M and ν ∈ a∗
C
, let
I(ν,σ ) = Ind
MN↑G σ ⊗ q
〈ν,Hp( )〉 ⊗ 1.
Via a suitable rational map f , we deﬁne an irreducible unitary supercuspidal representation π
of M (see Sections 2.1 and 3.1). The purpose of this paper is to give equivalent conditions for I(0,π)
to be irreducible by calculating the action of certain Weyl group element and detecting poles of the
ﬁrst two Langlands–Shahidi L-functions at s = 0.
Let π1 (resp. π2) be an irreducible unitary supercuspidal representation of GL2(F ) (resp. GL3(F )).
Suppose ρ j ( j = 1,2) are irreducible representations of the Weil group WF attached to π j by the
local Langlands correspondence by Harris and Taylor [9] and Henniart [7]. Denote by π1  π2 the
irreducible admissible representation of GL6(F ) attached to ρ1 ⊗ ρ2 (cf. [18]).
Most of the work in the E6 case goes to detecting the pole of the ﬁrst L-function at s = 0 which is
equivalent to detecting irreducible supercuspidal representations of GL3(F ) as isobaric constituents of
π1 π2. For this, most of the arguments presented are similar to the ones in [25] with the exception
of ruling out the non-dihedral case. This is due to the fact that the global approach in [25] by calcu-
lating Satake parameters at the unramiﬁed places and applying the Strong Multiplicity Theorem does
not apply here as the underlying representations π1 and π2 are supercuspidal.
A similar approach as in [25] enables one to give equivalent conditions on π1 and π2 so that
π1π2 has an irreducible supercuspidal representation of GL4(F ) as isobaric constituent. This in turn
enables one to detect the pole of the ﬁrst L-function at s = 0 for the E7 case. As the second L-function
for E7 is some twisted exterior square L-function on GL4, the possible pole at s = 0 is detected here by
ﬁnding irreducible supercuspidal representations of GL3(F ) which are isobaric constituents of
∧2
(σ )
where σ is an irreducible unitary supercuspidal representation of GL4(F ). This is achieved by taking
the following steps:
(i) giving a cuspidality criterion for
∧2
(σ ) using a result of A. Kable,
(ii) narrowing the possible three cases to two by Proposition 5.1 of [6],
(iii) imposing more conditions by direct calculation and applying Theorem B of [21].
2. Reducibility of certain induced representations of E6
2.1. The setup for E6
In this section, we take G to be the split simply-connected group of type E6. Let θ = − {α4} and
Pθ =MN be the standard Levi decomposition. The pair (G,M) is E6 − 1 of [28]. We follow closely the
exposition in Section 3 of [18] and [14] to construct a suitable rational map f :M→ GL2 ×GL3 ×GL3.
Our labelling of simple roots follows [3] which is consistent with [18] but not [14].
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A=
(⋂
α∈θ
kerα
)0
= {a(t) = Hα1(t2)Hα3(t4)Hα2(t3)Hα4(t6)Hα5(t4)Hα6(t2) ∣∣ t ∈ F ∗}
where Hα j is the coroot corresponding to the root α j . Since G is simply connected, the derived
group MD of M is simply connected. Thus MD ∼= SL2 ×SL3 ×SL3. We identify A with GL1 and
ﬁx an identiﬁcation of MD with SL2 ×SL3 ×SL3 under which Hα2 (t) goes to diag(t, t−1) of SL2,
Hα1 (t)Hα3 (t
2) goes to diag(t, t, t−2) of SL3 and Hα5(t2)Hα6 (t) to diag(t, t, t−2) of SL3. Deﬁne a map
f¯ : A×MD → GL1 ×GL1 ×GL1 ×SL2 ×SL3 ×SL3 by
f¯ : (a(t), x, y, z) → (t3, t2, t2, x, y, z).
Now, M∼= (GL1 ×SL2 ×SL3 ×SL3)/S where
S = {(a(t), t3 I2, t2 I3, t2 I3) ∣∣ t6 = 1}.
We obtain a map f :M→ GL2 ×GL3 ×GL3 so that
f
(
Hα4(t)
)= (diag(1, t),diag(1,1, t),diag(1,1, t)).
Let π1, π2 and σ be irreducible unitary supercuspidal representations on GL2(F ), GL3(F ) and GL3(F )
respectively with respective central characters ωπ1 , ωπ2 and ωσ . Let π be an irreducible constituent
of the representation (π1 ⊗π2 ⊗σ)◦ f of M . Then π is irreducible unitary supercuspidal with central
character ωπ = ω3π1ω2π2ω2σ .
Fix a non-trivial global additive character ψ =⊗v ψv . We embed π1, π2 and σ into global cusp
forms Π1, Π2 and Σ respectively which is unramiﬁed at every ﬁnite place except for one using
Proposition 5.1 of [29]. Choose an irreducible constituent Π of (Π1⊗Π2⊗Σ)◦ f such that it contains
π as a local component. Let S be the ﬁnite set of places such that for v /∈ S , Π1v , Π2v and Σv are all
unramiﬁed.
Rewrite Eq. (5.3.1) of [18] as
γ1(s,π,ψv ) = γ
(
s, (π1 π2) × σ ,ψv
)
where γ (s, (π1π2)×σ ,ψv ) is the Rankin–Selberg γ -factor by Jacquet, Piatetski-Shapiro and Shalika
in [11]. By Theorem 5.1 of [27],
γ
(
s, (π1 π2) × σ ,ψv
)= Cχ (s, (π1 π2) ⊗ σ∨).
Conditions (4) and (2) in Theorem 3.5 of [29] imply
Cχ
(
s, (π1 π2) ⊗ σ∨
)= γ1(s, (π1 π2) ⊗ σ∨,ψ v)
where γ1(s, (π1π2)⊗σ∨,ψ v) is obtained by the Langlands–Shahidi method via the quasi-split pair
(GL9,GL6 ×GL3) and the L-function it deﬁnes is the Rankin–Selberg L-function L(s, (π1  π2) × σ)
deﬁned by Jacquet, Piatetski-Shapiro and Shalika in [11], cf. p. 308 of [29]. Since the inducing data on
M and GL6(F )×GL3(F ) are tempered, the L-factors deﬁned by these two Langlands–Shahidi γ -factors
agree.
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Ωπ1Ωπ2Ωσ by Ω , we have by direct calculation, the second Langlands–Shahidi L-function
L(s,Πv , r2) = L
(
s,
(
Π∨2v ⊗ Ωv
)× Σ∨v ) (2.1)
when Π1v , Π2v and Σv are all unramiﬁed or v = ∞. Set ω = ωπ1ωπ2ωσ . Then condition (4) in
Theorem 3.5 of [29] implies
γ2(s,π,ψv ) = γ1
(
s,
(
π∨2 ⊗ω
)⊗ σ ,ψv)
where γ1(s, (π∨2 ⊗ ω) ⊗ σ ,ψv) is obtained by the Langlands–Shahidi method via the quasi-split pair
(GL6,GL3 ×GL3) and the L-function it deﬁnes is the Rankin–Selberg L-function L(s, (π∨2 ⊗ ω) × σ∨)
deﬁned by Jacquet, Piatetski-Shapiro and Shalika in [11], cf. p. 308 of [29]. As the inducing data on M
and GL3(F ) × GL3(F ) are tempered, L(s,π, r2) = L(s, (π∨2 ⊗ω) × σ∨).
2.2. Action of w˜0 on π and existence of pole of L(s,π, r2) at s = 0
In this subsection, we calculate the action of w˜0 on π and detect when the second L-function of
E6 − 1 has a pole at s = 0.
Remark 2.2.1. Note that the nodes of the Dynkin diagram of type An−1 index the fundamental weights
which are
∧i
C
n for i = 1, . . . ,n − 1. Since the dual of ∧i Cn is ∧n−i Cn , the non-trivial outer auto-
morphism of An−1 switches these representations.
Proposition 2.2.2. Let w˜l and w˜θl be the longest elements of the Weyl group of T in G and M respectively,
w˜0 = w˜l w˜θl . Denote by X(π) the group of all characters χ of M such that χ ⊗ π ∼= π . A necessary and
suﬃcient condition for w˜0(π) ∼= π is: there exist characters χ , χ ′ of order dividing 6 such that π∨ ∼= π ⊗χ ,
π∨ ∼= w˜0(π) ⊗χ ′ and χχ ′−1 ∈ X(π).
Proof. Denote by sα the simple reﬂection associated with the root α. Following the labelling of roots
in [3], we have w˜θl = sα3 sα1 sα3 sα2 sα5 sα6 sα5 . Using the fact that the Cartan matrix for E6 is⎛⎜⎜⎜⎜⎜⎝
2 0 −1 0 0 0
0 2 0 −1 0 0
−1 0 2 −1 0 0
0 −1 −1 2 −1 0
0 0 0 −1 2 −1
0 0 0 0 −1 2
⎞⎟⎟⎟⎟⎟⎠
(cf. p. 277 of [3]), direct calculation gives
sα5(α4) = α4 + α5, sα6(α4 + α5) = α4 + α5 + α6, sα5(α4 + α5 + α6) = α4 + α6 + α5,
sα2(α4 + α6 + α5) = α4 + α2 + α6 + α5, sα3(α4 + α2 + α6 + α5) = α4 + α3 + α2 + α6 + α5,
sα1(α4 + α3 + α2 + α6 + α5) = α4 + α3 + α1 + α2 + α6 + α5,
sα3(α1 + α2 + α3 + α4 + α5 + α6) = α1 + α2 + α3 + α4 + α5 + α6.
Applying w˜l to α1 + α2 + α3 + α4 + α5 + α6, it follows from p. 276 of [3] that w˜0 = w˜l w˜θl maps α1,
α2, α3, α4, α5, α6 respectively to α5, α2, α6, −α1 − α2 − α3 − α4 − α5 − α6, α1, α3. Hence
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(
a(t)
)= Hα1(t−2)Hα2(t−3)Hα3(t−4)Hα4(t−6)Hα5(t−4)Hα6(t−2)
so w˜0(ωπ ) = ω−3π1 ω−2π2 ω−2σ . Therefore w˜0(ωπ ) = ωπ = ω3π1ω2π2ω2σ if and only if ω6π1ω4π2ω4σ = 1, i.e.
ωπ is trivial or quadratic. Identifying the derived group MD of M with SL2 ×SL3 ×SL3, it follows from
Remark 2.2.1 that
w˜0(π1 ⊗π2 ⊗ σ)|MD ∼= π1|SL2(F ) ⊗ σ∨
∣∣
SL3(F )
⊗π∨2
∣∣
SL3(F )
.
Since a character χ on M acts trivially on MD , it acts on A by χ(a(t)) = χ(Hα4 (t6)) = χ(λ ◦
Hα4 (t
6)) = χ6(t) where t ∈ F ∗ and λ is the algebraic character dual to Hα4 .
If w˜0(π) ∼= π , w˜0(ωπ ) = ωπ and w˜0(π)|MD ∼= π |MD . Thus w2π = 1 and ωπ∨ = ωπ . Let
π |MD =
⊕
i, j,k
δi ⊗  j ⊗ ηk
where δi ,  j , ηk are some irreducible constituents of π1|SL2(F ) , π2|SL3(F ) and σ |SL3(F ) respectively. Such
a decomposition holds by Lemma 2.1 of [30]. The calculation in the last paragraph shows that
w˜0(π)|MD ∼=
⊕
i, j,k
δi ⊗ η∨k ⊗ ∨j .
It follows that w˜0(π)|MD ∼= π∨|MD . Corollary 2.5 of [30] and ωπ∨ = ωπ = w˜0(ωπ ) imply that there
exist characters χ , χ ′ of order dividing 6 such that π∨ ∼= π ⊗χ and π∨ ∼= w˜0(π)⊗χ ′ . We then have
π ⊗ χ ∼= w˜0(π) ⊗ χ ′ and so χχ ′−1 ∈ X(π).
Conversely, if there exist characters χ , χ ′ of order dividing 6 such that π∨ ∼= π ⊗ χ , π∨ ∼=
w˜0(π) ⊗χ ′ and χχ ′−1 ∈ X(π). We then have w˜0(π) ∼= π ⊗χχ ′−1 ∼= π . 
Theorem 2.2.3. Let ω = ωπ1ωπ2ωσ as before. Then the local L-function
L(s,π, r2) = L
(
s,
(
π∨2 ⊗ω
)× σ∨)
has a pole at s = 0 if and only if π2 ⊗ ω−1 ∼= σ∨ . When these equivalent conditions hold, the pole at s = 0 is
simple.
2.3. Some preliminaries
This subsection is intended to introduce the notion of local isobaric sums and deﬁne the notion
of ‘dihedral’, ‘tetrahedral’ for an irreducible supercuspidal representation of GL2(F ) where F is a local
ﬁeld and irreducible two-dimensional representations of local Weil groups.
We state some elementary results which are easy to prove and will often be used throughout the
paper. We also prove two lemmas which give some information on the isobaric decomposition of
π1 π2. Finally, we give equivalent conditions for an irreducible degree 2 local Weil group represen-
tation to be dihedral or tetrahedral which will be useful later.
Throughout this paper, for an irreducible admissible representation τ of GLn(F ), denote it central
character by ωτ .
We cite some deﬁnitions and results from [4,15,19,22] which deﬁnes the notion of isobaric repre-
sentations of GLn(F ).
Let A0(n, F ) be the set of isomorphism classes of irreducible admissible representations of GLn(F )
which are essentially square integrable.
For τ ∈ A0(n, F ), write wτ = χ | · |t(τ ) where χ is some unitary character and t(τ ) ∈ R. Deﬁne a
total order  in A0(n, F ) by setting τ  τ ′ if and only if t(τ ) t(τ ′).
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standard parabolic subgroup P of GLn with Levi component isomorphic to GLn1 ×· · · × GLnr . Deﬁne
the isobaric Langlands quotient τ1 · · · τr to be the unique irreducible quotient of I(0, τ1 ⊗· · ·⊗ τr)
if τ1  · · ·  τr ; otherwise it is the unique subquotient of I(0, τ1 ⊗ · · · ⊗ τr) that is isomorphic to
τ ′1  · · · τ ′r where (τ ′1, . . . , τ ′r ) is an r-tuple of essentially square integrable representations obtained
by permutation of {τ1, . . . , τr} such that τ ′1  · · ·  τ ′r . Such an irreducible quotient exists by Theo-
rem 1.2.5(a) of [15] and we regard {τ1, . . . , τr} as the multi-set of isobaric constituents of τ1 · · · τr
which is unique by Theorem 1.2.5(b).
For every integer n 1, set:
A(n, F ) = {τ : isobaric representation of GLn(F )}/∼=.
For a reductive F -group G, let Π(G) be the set of equivalence classes of irreducible admissible
representations of G and Φ(G) the (equivalence classes) admissible homomorphisms of the Weil–
Deligne group
W ′F → LG
where LG is the L-group of G and the homomorphisms are taken up to LG◦-conjugacy. Here LG◦
denotes the connected component of LG. We also call each equivalence class of admissible homomor-
phisms of the Weil–Deligne group W ′F → LG a Langlands parameter of G.
The local Langlands correspondence for GLn is a vast generalization of local class ﬁeld theory which
asserts that there is a bijective correspondence between Π(GLn) and Φ(GLn) which preserves L and 
factors of pairs and the bijection is compatible with passage to contragradient and the natural Galois
action on Φ(GLn) and Π(GLn) (cf. Section 4.2 of [15]). It was ﬁrst established by Harris and Taylor in
[9] and later reproved by Henniart in [7]. In the special case when n = 2, it is due to Kutzko in [17].
We review the deﬁnition of base change and automorphic induction of general linear groups from
Section 5.3 of [15].
Let E/F be a ﬁnite extension of local ﬁelds of degree l and W ′F (resp. W ′E ) be the Weil–Deligne
group of F (resp. E).
For an irreducible admissible representation Π of GLn(F ), let (φ,N) : W ′F → GLn(C) be the Lang-
lands parameter attached to Π through the local Langlands correspondence for GLn . Deﬁne ΠE (base
change) to be the irreducible admissible representation of GLn(E) attached to the Langlands parameter
(Res
W ′F
W ′E
(φ),N).
For an irreducible admissible representation τ of GLn(E), let (ρ ′,N ′) : W ′E → GLn(C) be the Lang-
lands parameter attached to τ through the local Langlands correspondence for GLn . Denote the
representation space of ρ ′ by V and ‖ · ‖ the quasi-character on the Weil group WF which is iden-
tiﬁed (cf. (2.2) of [31]) with the absolute value on F ∗ . Deﬁne I FE (τ ) (automorphic induction) to be
the irreducible admissible representation of GLnl(F ) attached to (Ind
WF
WE
(ρ ′), N˜) where we deﬁne N˜
on the space
IndWFWE
(
ρ ′
)= { f : WF → V ∣∣ f (hg) = ρ ′(h) f (g) for g ∈ WF and h ∈ WE}
by
(N˜ f )(g) = ‖g‖N ′( f (g)). (2.2)
Following (4.1.5) in [31], given Langlands parameters (ρ,N) for GLm and (ρ1,N1) for GLn , deﬁne
(ρ,N) ⊗ (ρ1,N1) := (ρ ⊗ ρ1,N ⊗ 1+ 1⊗ N1).
Let τ be an irreducible admissible representation of GL2(F ). Let ϕ be the two-dimensional rep-
resentation of the Weil–Deligne group attached to τ by the local Langlands correspondence for GL2.
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missible representation of GLk+1(F ) attached to Symk(ϕ) by the local Langlands correspondence for
GLk+1. Let Ad : GL2(C) → GL3(C) be the adjoint representation restricted to the Lie algebra of SL2(C).
Then Ad(ϕ) is a three-dimensional representation. Let Ad(τ ) be the irreducible admissible represen-
tation of GL3(F ) attached to Ad(ϕ) by the local Langlands correspondence for GL3.
If ϕ is an irreducible two-dimensional representation of the Weil group WF , deﬁne ϕ to be
(i) dihedral if there is a quadratic extension E/F and a character χ of WE such that ϕ = IndWFWE (χ);
since ϕ is equivalent to a Galois representation up to some unramiﬁed character twist, this is
equivalent to the image of Ad(ϕ) is isomorphic to some dihedral group by Lemma 16 of [24];
(ii) tetrahedral if ϕ is non-dihedral and Ad(ϕ) is cyclic monomial; since ϕ is equivalent to a Galois
representation up to some unramiﬁed character twist, this is equivalent to image of Ad(ϕ) is
isomorphic to A4, the alternating group of 4 letters by the remarks after Theorem 18 of [24]
which also applies to local Galois representations.
We call τ dihedral (resp. tetrahedral) if ϕ is dihedral (resp. tetrahedral).
Similarly, let τ ′ be an irreducible admissible representation of GLm(F ). Let ϕ′ be the m-dimensional
representation of the Weil–Deligne group attached to σ by the local Langlands correspondence for
GLm by Harris and Taylor [9], Henniart [7]. Then
∧k
(ϕ′) =∧k ◦ϕ′ is a (mk )-dimensional representation.
Let
∧k
(τ ′) be the irreducible admissible representation of GL(mk)(F ) attached to
∧k
(ϕ′) by the local
Langlands correspondence of GL(mk) by Harris and Taylor [9], Henniart [7].
The next proposition follows by Frobenius reciprocity, Mackey-restriction and induction.
Proposition 2.3.1. Let E/F be a cyclic extension of local ﬁelds of degree l, a prime. For each integer n  1,
denote the set of equivalence classes of Frobenius-semisimple degree n complex representations of W ′F by
Φ(n, F ). Let θ be an element of W F whose image in W F /WE is a generator and χE/F denotes the character
of W F associated to the extension E/F . For any representation of WE or Frobenius-semisimple representation
of W ′E β , set βθ
j
(g) = β(θ j gθ− j) for all g ∈ WE.
(i) The image of Res
W ′F
W ′E
consists precisely of those β ∈ Φ(n, E) such that β ∼= βθ .
(ii) The image of Ind
W ′F
W ′E
consists precisely of those ρ ∈ Φ(nl, F ) such that ρ ∼= ρ ⊗χE/F .
(iii) For every ρ ∈ Φ(m, F ) and β ∈ Φ(n, E), we have the adjointness property:
L
(
s,ρ ⊗ IndW ′F
W ′E
(β)
)= L(s,ResW ′E ρ ⊗ β).
(iv) Suppose β = (φ,0) is in Φ(n, E) where φ is irreducible. Then
ResW ′E Ind
W ′F
W ′E
(β) ∼=
l−1⊕
j=0
βθ
j
.
Moreover, IndWFWE (φ) is irreducible if and only if φ is not isomorphic to φ
θ .
(v) Suppose ρ = (φ,0) is in Φ(n, F ) where φ is irreducible. Then
Ind
W ′F
W ′E
(ResW ′E ρ)
∼=
l−1⊕
j=0
φ ⊗ χ jE/F .
Moreover, ResWE φ is irreducible if and only if φ is not isomorphic to φ ⊗ χE/F ◦ τF .
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Lemma 2.3.2. Let F be a local ﬁeld, τ be an irreducible admissible representation of GLn(F ) which is essen-
tially square integrable and ϕ be the Langlands parameter attached to τ by the local Langlands correspondence
of GLn. Then τ is supercuspidal if and only if the restriction of ϕ to Ga is trivial. In particular, if τ is a unitary su-
percuspidal representation of GL2(F ) (resp. GL4(F )), all isobaric constituents of Sym2(τ ), Ad(τ ) and Sym3(τ )
(resp.
∧2
(τ )) are unitary supercuspidal.
The next two lemmas shed some light on the isobaric decomposition of π1 π2.
Lemma 2.3.3. Let F be a local ﬁeld and π ′ , π be irreducible unitary supercuspidal representations of GLm(F )
and GLn(F ) respectively. Let ϕ′ (resp. ϕ) be the Langlands parameter attached to π ′ (resp. π ) by the local
Langlands correspondence. Then each isobaric constituent of Π := π  π ′ attached to the mn-dimensional
representation ϕ ⊗ ϕ′ is unitary supercuspidal.
Proof. By hypothesis, ϕ ⊗ ϕ′ is trivial on Ga with bounded image and so Lemma 2.3.2 implies each
isobaric constituent of Π is unitary supercuspidal. 
Lemma 2.3.4. Let F be a local ﬁeld and ρ1 (resp. ρ2) be an irreducible two-dimensional (resp. three-
dimensional) representation of W F . Then Ξ := ρ1 ⊗ ρ2 does not have any one-dimensional constituents.
Proof. If Ξ has a one-dimensional constituent, there exists a non-zero equivariant map from a char-
acter twist of ρ∨1 to ρ2, contradicting irreducibility of ρ2. 
The following lemma can be proved by character theory by twisting with suitable unramiﬁed
characters on both sides.
Lemma 2.3.5. For each integer n  1, denote the set of isomorphism classes of irreducible degree n complex
representations of the Weil group WF by G0F (n). Let ρ0 ∈ G0F (1), ρ1 , ρ2 ∈ G0F (2) and ρ3 , ρ4 ∈ G0F (3). Then:
(i) Sym2(ρ1) ⊗ ρ1 ∼= Sym3(ρ1) ⊕ (ρ1 ⊗ det(ρ1)).
(ii) (
∧3
(ρ1 ⊗ ρ3) ⊗ det(ρ3)−1) ⊕ (ρ1 ⊗ det(ρ1)) ∼= Sym3(ρ1) ⊕ (ρ3 ⊗ ρ1 ⊗ ρ∨3 ⊗ det(ρ1)).
(iii)
∧3
(ρ3 ⊕ ρ4) ∼= det(ρ3) ⊕ det(ρ4) ⊕ (ρ3 ⊗ ρ∨4 ⊗ det(ρ4)) ⊕ (ρ4 ⊗ ρ∨3 ⊗ det(ρ3)).
(iv) Ad(ρ1) ∼= Sym2(ρ1) ⊗ det(ρ1)−1 .
(v) ρ1 ⊗ Ad(ρ1) ∼= (Sym3(ρ1) ⊗ det(ρ1)−1) ⊕ ρ1 .
(vi) Ad(ρ1) ⊗ ρ1 ⊗ ρ1 ⊗ ρ0 ∼= (Ad(ρ1) ⊗ Ad(ρ1) ⊗ det(ρ1)ρ0) ⊕ (Ad(ρ1) ⊗ det(ρ1)ρ0).
(vii)
∧2
(ρ1 ⊗ ρ2) ∼= (det(ρ1) ⊗ Sym2(ρ2)) ⊕ (Sym2(ρ1) ⊗ det(ρ2)).
If E/F is a cyclic extension of local ﬁelds, θ is an element of WF whose image in WF /WE is a
generator and ϕ is a representation of WE , denote by ϕθ
j
the representation ϕθ
j
(g) = ϕ(θ j gθ− j) for
all g ∈ WE .
The following proposition is a restatement of certain statements in the proof of Lemma 16 in [24]
and the discussion on p. 488 of [5].
Proposition 2.3.6. Let ϕ be an irreducible two-dimensional representation of the Weil group WF . Then ϕ is
dihedral if and only if Ad(ϕ) is not irreducible. Furthermore when ϕ = IndWFWE (υ) where E is some quadratic
extension of F and υ is some character of WE ,
Ad(ϕ) ∼= χE/F ⊕ IndWFWE
(
υ/υθ
)
(2.3)
where θ is an element of W F whose image in W F /WE is a generator.
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(i) If ϕ is tetrahedral with Sym2(ϕ) invariant under twisting by a cubic character χ , then
Sym3(ϕ) ∼= (ϕ ⊗ det(ϕ)χ)⊕ (ϕ ⊗ det(ϕ)χ−1).
(ii) Sym3(ϕ) is not irreducible if and only if ϕ is either dihedral or tetrahedral.
Proof. By Lemma 2.3.5(i),
ϕ ⊗ Sym2(ϕ) ∼= Sym3(ϕ) ⊕ (ϕ ⊗ det(ϕ))
contains ϕ ⊗ det(ϕ) as a constituent. Since Sym2(ϕ) allows self-twists by χ and χ−1, the sum above
contain ϕ ⊗ det(ϕ)χ and ϕ ⊗ det(ϕ)χ−1. Together with ϕ ⊗ det(ϕ), they are pairwise inequivalent
because if a two-dimensional irreducible representation of WF admits a self-twist by a character,
such a character is either trivial or quadratic. By uniqueness of the decomposition, Sym3(ϕ) must
have exactly ϕ ⊗ det(ϕ)χ and ϕ ⊗ det(ϕ)χ−1 as its constituents. This proves (i).
Suppose ϕ is dihedral, then ϕ = IndWFWE (υ) for some quadratic extension E and some character υ
of WE . Let υ , υθ and χE/F be as in Proposition 2.3.6. By Lemma 2.3.5(v),
ϕ ⊗ Ad(ϕ) ∼= (Sym3(ϕ) ⊗ det(ϕ)−1)⊕ ϕ. (2.4)
Substituting identity (2.3) into identity (2.4) gives
(ϕ ⊗ χE/F ) ⊕
(
ϕ ⊗ IndWFWE
(
υ/υθ
))∼= (Sym3(ϕ) ⊗ det(ϕ)−1)⊕ ϕ.
Since ϕ ⊗ χE/F ∼= ϕ by Proposition 2.3.1(ii), uniqueness of the decomposition implies
ϕ ⊗ IndWFWE
(
υ/υθ
)∼= Sym3(ϕ) ⊗ det(ϕ)−1.
It follows from Frobenius reciprocity that
ϕ ⊗ IndWFWE
(
υ/υθ
)∼= IndWFWE (ϕ|WE ⊗ υ/υθ ).
Hence applying Proposition 2.3.1(iv) yields
Sym3(ϕ) ∼= det(ϕ) ⊗ IndWFWE
((
υ ⊕ υθ )⊗ υ/υθ )∼= (det(ϕ) ⊗ IndWFWE (υ2/υθ ))⊕ (det(ϕ) ⊗ ϕ).
If ϕ is tetrahedral, Sym3(τ ) is not irreducible by (i).
Conversely, suppose Sym3(ϕ) is not irreducible. If ϕ is dihedral, we are done. Otherwise, Ad(ϕ) is
irreducible. Since ϕ is tetrahedral if and only if any character twist of ϕ is tetrahedral, by twisting
ϕ by some suitable unramiﬁed character, we may assume that ϕ is unitary. Lemma 2.3.5(v) together
with Lemma 2.3.4 gives
ϕ ⊗ Ad(ϕ) ∼= ϕ1 ⊕ ϕ2 ⊕ ϕ
where ϕ1, ϕ2 are irreducible unitary degree 2 representations of WF . Hence
L
(
s,Ad(ϕ) ⊗ (ϕ ⊗ ϕ∨j ))= L(s,Ad(ϕ) ⊗ ϕ × ϕ∨j )= L(s, (ϕ ⊗ Ad(ϕ))⊗ ϕ∨j )
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acter υ j of WF by Theorem A(a) of [21] and the local Langlands correspondence for GLn . From
Lemma 2.3.5(vi), we have the following L-function identity:
L
(
s,Ad(ϕ) ⊗ ϕ ⊗ (ϕ ⊗ υ j)
)= L(s,Ad(ϕ) ⊗ (Ad(ϕ) ⊗ det(ϕ)υ j))L(s,Ad(ϕ) ⊗ det(ϕ)υ j) (2.5)
where L(s,Ad(ϕ) ⊗ ϕ ⊗ (ϕ ⊗ υ j)) has a pole at s = 0. Since L(s,Ad(ϕ) ⊗ det(ϕ)υ j) has no zero at
s = 0, L(s,Ad(ϕ) ⊗ (Ad(ϕ) ⊗ det(ϕ)υ j)) has a pole at s = 0. As Ad(ϕ) is self-contragradient, Ad(ϕ) ∼=
Ad(ϕ) ⊗ det(ϕ)υ j . Note that not both υ j are equal to det(ϕ)−1 for otherwise the left hand side of
(2.5) has a pole of order 2 at s = 0 and the right hand side has a pole of order 1 at s = 0. Hence ϕ is
tetrahedral by Proposition 2.3.1(ii). This proves (ii). 
2.4. Existence of pole of L(s,π, r1) at s = 0 and irreducibility criterion
In this subsection, we detect the existence of a pole at s = 0 for the ﬁrst L-function of E6 − 1 by
giving equivalent conditions for π1  π2 to have degree 3 isobaric constituents. By putting together
this with our results in Section 2.2 and Theorem 8.1 of [29], we obtain the full irreducibility criterion
on and off the unitary axis.
The next few lemmas will enable us to give precise conditions for π1  π2 to have degree 3
isobaric constituents.
Lemma 2.4.1. Keeping the notation of Lemma 2.3.4, suppose Ξ has an irreducible constituent of degree 3.
Then:
(i) Ξ = 1 ⊕ 2 where 1 and 2 are irreducible degree 3 subrepresentations.
(ii) ρ2 does not admit a self-twist by any non-trivial cubic character.
Proof. (i) follows from Lemma 2.3.4.
Suppose ρ2 admits a self-twist by some non-trivial cubic character χ . Note that at least one of
1 and 2 is also invariant when twisted by χ for otherwise there exists i such that i , i ⊗ χ and
i ⊗ χ−1 will be inequivalent while they should all be constituents of Ξ ∼= Ξ ⊗ χ . Thus, Ξ has at
least 3 distinct constituents of degree 3 which contradicts that it is a six-dimensional representation.
By Proposition 2.3.1(ii), ρ2 = IndWFWL (ψ), i = Ind
WF
WL
(ψi) for some cubic cyclic extension L of F with
ψ , ψi are characters of L∗ . Let σ be an element of WF whose image in WF /WL is a generator.
Proposition 2.3.1(iv), (v) gives
Ξ |WL ∼=
(
IndWFWL
(
ψ ⊗ (ρ1)|WL
))∣∣
WL
∼=
2⊕
j=0
(
ψ ⊗ (ρ1)|WL
)σ j
where (IndWFWL (ψi))|WL as a constituent of Ξ |WL is a sum of three linear characters and ρ1|WL is
irreducible. This contradicts the uniqueness of the decomposition of Ξ |WL and so (ii) holds. 
Lemma 2.4.2. Let F be a local ﬁeld, M a Galois extension of F with Gal(M/F ) ∼= S3 . Denote the unique
quadratic extension of F contained in M by E and let E ′ be a nonnormal cubic extension of F contained in M.
Let λ (resp. ξ ) be a character of WE (resp. W F ) corresponding to the extension M/E (resp. E/F ) and υ be a
character of W F . Then for ρ ′ = IndWFWE (λ ⊗ υ|WE ), we have ρ ′|WE′ ∼= υ|WE′ ⊕ υ|WE′ ξ |WE′ .
Proof. Since [WF : WE ] is coprime to [WF : WE ′ ], WF = WEWE ′ and WM = WE ∩WE ′ . By hypothesis,
λ|WM is trivial and ξ |WE′ is exactly trivial on WM . Applying Mackey restriction theorem gives ρ ′|WE′ ∼=
Ind
WE′
WM
(υ|WM ). Hence ρ ′|WE′ ∼= Ind
WE′
WM
((υ|WE′ )|WM ) ∼= υ|WE′ ⊕ υ|WE′ ξ |WE′ by Proposition 2.3.1(v). 
J.F. Lau / Journal of Algebra 373 (2013) 183–206 193Lemma 2.4.3. Let ρ1 , ρ2 , Ξ , δ1 and δ2 be as in Lemma 2.4.1. Suppose ρ1 = IndWFWE (λ) for some character λ of
WE with E a quadratic extension of F . Let θ be an element of W F whose image in W F /WE is a generator and
χE/F be the character of W F trivial on WE .
(i) ρ2|WE is cyclic cubic monomial.
(ii) ρ2 is nonnormal cubic monomial.
(iii) λ2/λθ is the restriction of some character υ of W F and
Ξ ∼= (ρ2 ⊗ υ) ⊕ (ρ2 ⊗ υχE/F ). (2.6)
(iv) ρ1 is not induced from a character of any other index 2 subgroup in W F .
Proof. As ρ1 allows a self-twist by χE/F by Proposition 2.3.1(ii), so does Ξ = ρ1 ⊗ ρ2. Since the only
possible characters that either δi allows (for self-twisting) should be trivial or cubic, δ2 ∼= δ1 ⊗ χE/F .
We have ρ1|WE = λ ⊕ λθ . Thus
Ξ |WE = ρ1|WE ⊗ ρ2|WE
∼= (ρ2|WE ⊗ λ) ⊕
(
ρ2|WE ⊗ λθ
)
.
Since Ξ = δ1 ⊕ (δ1 ⊗χE/F ), Ξ |WE is equivalent to the sum of two copies of δ1|WE . Hence ρ2|WE ⊗λ ∼=
δ1|WE ∼= ρ2|WE ⊗ λθ . Since ρ1 = IndWFWE (λ) is irreducible, λ = λθ . Thus ρ2|WE is cyclic monomial and
(i) is proved.
Note that τ = λ−1λθ is a cubic character of WE . Let M be the cubic ﬁeld extension of E associated
to τ . Since τ θ = τ−1, θ(M) = M so M/F is normal and Gal(M/F ) ∼= S3. Moreover, ρ2|WE = IndWEWM (χ)
for some character χ of WM and so ρ2|WM is of the form χ ⊕ χ ′ ⊕ χ ′′ . Let E ′ be a nonnormal cubic
extension of F contained in M . Then [M : E ′] = 2 and ρ2|WM is the restriction of ρ2|WE′ to WM . If
ρ2|WE′ is irreducible, then its restriction to WM ρ2|WM is irreducible by Proposition 2.3.1(v). Thus
ρ2|WE′ has a character as a constituent and so ρ2 is induced from some character of WE ′ , thereby
showing (ii).
Direct calculation gives
(
λτ−1
)θ = λθ (τ θ )−1 = λτ 2 = λτ−1.
Hence λτ−1 is the restriction of some character υ of WF to WE by Proposition 2.3.1(i). Thus ρ1 =
IndWFWE (τ ⊗ υ|WE ) and so ρ1|WE′ ∼= υ|WE′ ⊕ υ|WE′ (χE/F )|WE′ by Lemma 2.4.2. From (ii), we may write
ρ2 = IndWFWE′ (η) for some character η of WE ′ . We have
Ξ ∼= IndWFWE′ (η) ⊗ ρ1 ∼= Ind
WF
WE′ (η ⊗ ρ1|WE′ ) = Ind
WF
WE′
(
ηυ|WE′ ⊕ ηυ|WE′ (χE/F )|WE′
)
∼= (IndWFWE′ (η) ⊗ υ)⊕ (IndWFWE′ (η) ⊗ υχE/F )= (ρ2 ⊗ υ) ⊕ (ρ2 ⊗ υχE/F )
and so (iii) holds.
Since ρ2 is a degree 3 representation, identity (2.6) shows that the constituents of Ξ differ by
a unique quadratic character twist χE/F . Thus if ρ1 is induced from a character of another index 2
subgroup WL where L/F is a quadratic extension, (iii) implies χE/F = χL/F and so E = L. 
Lemma 2.4.4. Let ρ1 , ρ2 , Ξ , 1 and 2 be as in Lemma 2.4.1. Then ρ1 must be dihedral.
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L
(
s,Sym3(ρ1) ⊗ χ
)
L
(
s, (ρ1 ⊗ ρ2) ⊗ ρ∨2 ⊗ det(ρ1)χ
)
= L
(
s,
∧3
(ρ1 ⊗ ρ2) ⊗ det(ρ2)−1χ
)
L
(
s,ρ1 ⊗ det(ρ1)χ
)
= L(s,det(1)det(ρ2)−1χ)L(s,det(2)det(ρ2)−1χ)L(s,ρ1 ⊗ det(ρ1)χ)
× L(s, 1 ⊗ ∨2 ⊗ det(2)det(ρ2)−1χ)L(s, 2 ⊗ ∨1 ⊗ det(1)det(ρ2)−1χ). (2.7)
The ﬁrst equality follows from Lemma 2.3.5(ii). The second equality holds by Lemma 2.3.5(iii).
Hence taking χ = det(ρ2)det(i)−1, the extreme right hand side has a pole at s = 0 (as the re-
maining factors do not vanish at s = 0). Then the extreme left hand side also has a pole at s = 0.
If ρ1 is not dihedral, then Sym3(ρ1) is either irreducible or a sum of two irreducible degree 2
representations by Proposition 2.3.7 so L(s,Sym3(ρ1) ⊗ χ) is holomorphic at s = 0. Thus the pole at
s = 0 comes from L(s, (ρ1 ⊗ ρ2) ⊗ ρ∨2 ⊗ det(ρ1)χ). Since ρ2 is irreducible, Ξ = ρ1 ⊗ ρ2 should have
constituents ′i := ρ2 ⊗ det(ρ1)−1 det(ρ2)−1 det(i) for both i = 1,2.
Recall from Lemma 2.4.1(ii) that ρ2 does not allow a self-twist. If det(1) = det(2), the order of
the pole at s = 0 on both extreme left and right sides of Eq. (2.7) and thus also of
L
(
s, (ρ1 ⊗ ρ2) × ρ∨2 ⊗ det(ρ1)χ
)
is at least 2. Hence ′1 = ′2 is a constituent of Ξ with multiplicity two. By uniqueness of the decom-
position, i = ′1 for i = 1,2. Thus the pole at s = 0 on the extreme left of Eq. (2.7) is of order 2 and
the extreme right of (2.7) is of order 4, a contradiction. Therefore det(1) = det(2) and so the ′i are
distinct. Hence ′1 and ′2 are the only constituents which are also twists of ρ2.
Thus we get a decomposition of Ξ as a sum of two inequivalent twists of ρ2. By uniqueness of
the decomposition, we must have either i = ′i for i = 1, i = 2 or 1 = ′2, 2 = ′1.
If i = ′i for i = 1, i = 2, direct calculation on the determinant of i and ′i for i = 1,2 gives
det(′1)2 = det(ρ2)2 det(ρ1)3 = det(′2)2.
Suppose 1 = ′2 and 2 = ′1. We have
ρ1 ⊗ ρ2 ∼=
(
ρ2 ⊗ detρ−11 detρ−12 det(1)
)⊕ (ρ2 ⊗ detρ−11 detρ−12 det(2)).
Taking determinant both sides yield
(detρ2)
2(detρ1)
3 = (detρ2)−4(detρ1)−6 det(1)3 det(2)3.
Thus
det(1)
3 det(2)
3 = (detρ2)6(detρ1)9. (2.8)
Direct calculation on the determinant of i and ′i for i = 1,2 gives
det(1)det(2)
−3 = det(ρ2)−2 det(ρ1)−3 = det(1)−3 det(2). (2.9)
Multiplying Eqs. (2.8) and (2.9) together, we have
det(1)
4 = det(ρ2)4 det(ρ1)6 = det(2)4 (2.10)
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det(1)
2 det(2)
6 = det(ρ2)8 det(ρ1)12 = det(2)8. (2.11)
Hence det(1)2 = det(2)2.
Thus det(1)det(2)−1 is non-trivial and quadratic in both cases. Let E be the quadratic extension
associated to det(1)det(2)−1. Suppose ρ1 is not dihedral. Then Proposition 2.3.1(ii) and (v) implies
that both ρ1|WE , ρ2|WE are irreducible. Hence
Ξ |WE = ρ1|WE ⊗ ρ2|WE ∼= ′2|WE ⊕ ′2
∣∣
WE
(2.12)
where ′2|WE is irreducible by Proposition 2.3.1(v). By replacing ρ1, ρ2 and Ξ by their restrictions
to WE in Lemma 2.3.4, we see that they satisfy the hypothesis of Lemma 2.3.4 and Lemma 2.4.1.
Thus if ρ1|WE is dihedral, identity (2.6) in Lemma 2.4.3(iii) together with Lemma 2.4.1(ii) shows that
the constituents of Ξ |WE are inequivalent, contradicting identity (2.12). When ρ1|WE is non-dihedral,
running through the ﬁrst half of this proof with the underlying representations replaced by their
restrictions to WE shows that Ξ |WE should have inequivalent degree 3 irreducible constituents, again
contradicting identity (2.12). Thus ρ1 must be dihedral. 
If E/F is a quadratic extension of local ﬁelds, θ is the generator of Gal(E/F ) and τ is a represen-
tation of GLn(E), denote by τ θ the representation τ ◦ θ of GLn(E).
For the existence of nonnormal cubic automorphic from GL1 to GL3 in the next proposition, we
refer to [10].
Proposition 2.4.5. Let F be a local ﬁeld and π1 , π2 be irreducible unitary supercuspidal representations
on GL2(F ), GL3(F ) respectively. Then Π = π1  π2 has an isobaric constituent of degree 3 if and only if
π1 = I FE (μ) for some character μ of E∗ with E a unique quadratic extension of F and π2 is nonnormal cubic
monomial. When this occurs, μ2/μθ is the base change of some unitary character ν of F ∗ from F to E and
Π = (π2 ⊗ ν) (π2 ⊗ νωE/F ). (2.13)
Here θ is the generator of Gal(E/F ) and ωE/F is the character of F ∗ associated to E/F by class ﬁeld theory.
Proof. Let ρ j be the irreducible representation of the Weil group WF attached to π j by the lo-
cal Langlands correspondence for GLn . If π1 = I FE (μ) for some character μ of E∗ with E a unique
quadratic extension of F and π2 = I FE ′ (η) for some character η of a nonnormal cubic extension E ′
of F , ρ1 = IndWFWE (λ) and ρ2 = Ind
WF
WE′ (χ
′) where λ = μ◦τF , χ ′ = η ◦τF and τF : WF → F ∗ is the local
reciprocity map given by the class ﬁeld theory. We have ρ1|WE′ = Ind
WE′
WE′ ∩WE λ|WE′ ∩WE = υ1 ⊕ υ2 for
some characters υ1, υ2 by Mackey’s Irreducibility Criterion. Hence
Ξ = ρ1 ⊗ ρ2 ∼= IndWFWE′
(
χ ′
)⊗ ρ1 ∼= IndWFWE′ (χ ′ ⊗ ρ1|WE′ )∼= IndWFWE′ (χ ′υ1)⊕ IndWFWE′ (χ ′υ2)
where each IndWFWE′ (χ
′υi) is irreducible since Ξ has no one-dimensional constituent by Lemma 2.3.4.
Thus it follows from the local Langlands correspondence for GLn that Π has an isobaric constituent
of degree 3.
The converse follows from Lemma 2.4.4 and Lemma 2.4.3(iii), (iv) and the local Langlands corre-
spondence for GLn .
When either of the equivalent statements hold, Lemma 2.4.3(iii), (iv) also implies the isobaric
decomposition of Π in (2.13). Note that ν is unitary since ωπ2ν
3 as the central character of π2 ⊗ ν is
unitary by Lemma 2.3.3. 
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part Theorem 3.1, Lemma 8.3, 8.7 and Theorem 9.1 of [25] except the slight improvement made here
that π1 is automorphically induced from a unique quadratic extension E of F .
We also remark that the arguments in the proof of Lemma 2.4.4 after the L-function identity (2.7)
can be adopted similarly in the global setting of [25] to remove the case when π1 is non-dihedral. To
this end, non-vanishing of local L-functions on the extreme right of (2.7) at s = 0 should be replaced
by the analogous global partial abelian and Rankin–Selberg L-functions non-vanishing at s = 1, cf.
Theorem 5.2 of [26]. On the other hand, the approach in [25] by calculating Satake parameters at the
unramiﬁed places and applying the Strong Multiplicity Theorem does not apply here as the underlying
representations π1 and π2 are supercuspidal.
Theorem 2.4.7. In order for the local L-function
L(s,π, r1) = L
(
s, (π1 π2) × σ
)
to have a pole at s = 0, it is necessary and suﬃcient that the following conditions (1), (2) and (3) hold:
(1) π1 = I FE (μ) for some character μ of E∗ with E a unique quadratic extension of F .
(2) π2 is nonnormal cubic monomial.
When both conditions (1) and (2) hold, μ2/μθ is the base change of some unitary character ν of F ∗ from F
to E where θ is the generator of Gal(E/F ).
(3) Exactly one of the following should hold:
(a) π2 ⊗ ν ∼= σ∨ ,
(b) π2 ⊗ νωE/F ∼= σ∨ .
Proof. This follows from Proposition 2.4.5. 
Finally, we are now able to state the irreducibility criterion for E6.
Theorem 2.4.8. Let G be the split simply-connected group of type E6 over a p-adic ﬁeld F , θ =  − {α4} and
Pθ =MN be the standard maximal parabolic subgroup of G associated to θ . Let π be an irreducible constituent
of the representation (π1 ⊗ π2 ⊗ σ) ◦ f of M. Then π is an irreducible unitary supercuspidal representation
of M.
Denote by X(π) the group of all characters χ of M such that χ ⊗ π ∼= π . If there do not exist characters
χ , χ ′ of order dividing 6 such that π∨ ∼= π ⊗ χ , π∨ ∼= w˜0(π) ⊗ χ ′ and χχ ′−1 ∈ X(π), then I(0,π) is
irreducible. If there exist characters χ , χ ′ of order dividing 6 such that π∨ ∼= π ⊗ χ , π∨ ∼= w˜0(π) ⊗ χ ′ and
χχ ′−1 ∈ X(π), then I(0,π) is irreducible if and only if exactly one of the following conditions holds:
(1) π1 = I FE (μ) for some character μ of E∗ with E a unique quadratic extension of F and π2 is nonnormal
cubic monomial. In this case, μ2/μθ is the base change of some unitary character ν of F ∗ from F to E
where θ is the generator of Gal(E/F ). Moreover, denoting the character of F ∗ associated to E/F by class
ﬁeld theory as ωE/F , exactly one of the following holds:
(1a) π2 ⊗ ν ∼= σ∨ ,
(1b) π2 ⊗ νωE/F ∼= σ∨ .
(2) π2 ⊗ω−1π1 ω−1π2 ω−1σ ∼= σ∨ .
Assume there exist characters χ , χ ′ of order dividing 6 such that π∨ ∼= π ⊗ χ , π∨ ∼= w˜0(π) ⊗ χ ′ , χχ ′−1 ∈
X(π) and I(0,π) is irreducible. Choose a unique j, j = 1 or 2, such that condition ( j) holds. Let α˜ be the
fundamental weight for α4 . Then:
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(ii) The representation I(α˜/ j,π) is reducible with a unique χ -generic subrepresentation which is in the
discrete series (a special representation). Its Langlands quotient is never generic. It is a pre-unitary non-
tempered representation.
(iii) For s > 1/ j, the representations I(sα˜,π) are always irreducible and never in the complementary series.
If I(0,π) is reducible, then no I(sα˜,π), s > 0, is pre-unitary. They are all irreducible.
Proof. This follows from Corollary 7.6 of [29], Proposition 2.2.2, Theorem 2.4.7, Theorem 2.2.3 and
Theorem 8.1 of [29]. 
3. Reducibility of certain induced representations of E7
3.1. The setup for E7
In this section, we take G to be the simply-connected group of type E7. Let θ =  − {α4} and
Pθ =MN be the standard Levi decomposition. The pair (G,M) is E7 − 1 of [28]. We follow closely the
exposition in Section 3 of [18] and [14] to construct a suitable rational map f :M→ GL2 ×GL3 ×GL4.
Our labelling of simple roots follows [3] which is consistent with [18] but not [14].
Note that
A=
(⋂
α∈θ
kerα
)0
= {a(t) = Hα1(t4)Hα3(t8)Hα2(t6)Hα4(t12)Hα5(t9)Hα6(t6)Hα7(t3) ∣∣ t ∈ F ∗}
where Hα j is the coroot corresponding to the root α j . Since G is simply connected, the derived
group MD of M is simply connected. Thus MD ∼= SL2 ×SL3 ×SL4. We identify A with GL1 and
ﬁx an identiﬁcation of MD with SL2 ×SL3 ×SL4 under which Hα2 (t) goes to diag(t, t−1) of SL2,
Hα1 (t)Hα3 (t
2) goes to diag(t, t, t−2) of SL3, Hα5 (t3)Hα6(t2)Hα7 (t) to diag(t, t, t, t−3) of SL4. Deﬁne
a map f¯ : A×MD → GL1 ×GL1 ×GL1 ×SL2 ×SL3 ×SL4 by
f¯ : (a(t), x, y, z) → (t6, t4, t3, x, y, z).
Now, M∼= (GL1 ×SL2 ×SL3 ×SL4)/S where
S = {(a(t), t6 I2, t4 I3, t3 I4) ∣∣ t12 = 1}.
We obtain a map f :M→ GL2 ×GL3 ×GL4 so that
f
(
Hα4(t)
)= (diag(1, t),diag(1,1, t),diag(1,1,1, t)).
Let π1, π2 and σ be irreducible unitary supercuspidal representations of GL2(F ), GL3(F ) and GL4(F )
respectively with respective central characters ωπ1 , ωπ2 and ωσ . Let π be an irreducible constituent
of the representation (π1 ⊗π2 ⊗σ)◦ f of M . Then π is irreducible unitary supercuspidal with central
character ωπ = ω6π1ω4π2ω3σ .
A similar argument as the ﬁrst L-function for the E6 case shows that
L(s,π, r1) = L
(
s, (π1 π2) × σ
)
and
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(
s,π∨2 ⊗ σ ,
(
ρ3 ⊗ω2π1ωπ2
)⊗∧2(ρ4))
where L(s, (π1  π2) × σ) is deﬁned by Jacquet, Piatetski-Shapiro and Shalika in [11] and ρn is the
standard representation of GLn(C).
Putting Proposition 5.2.4 of [12] and Theorem 1.4 of [8] together gives the following proposition.
Proposition 3.1.1. Let σ be a local component of a cuspidal representation of GL4(AK ). For any supercuspidal
representation π of GLm(F ), m = 1, 2, 3, 4,
γ
(
s,π ⊗ σ ,ρm ⊗
∧2
(ρ4),ψ
)
= γ
(
s,π ×
∧2
(σ ),ψ
)
.
In particular, we have L(s,π ⊗ σ ,ρm ⊗∧2(ρ4)) = L(s,π ×∧2(σ )) where the L-factors on the right are
those deﬁned by Jacquet, Piatetski-Shapiro and Shalika in [11].
3.2. Action of w˜0 on π and existence of pole of L(s,π, r1) at s = 0
In this section, we calculate the action of w˜0 on π and detect when does the ﬁrst L-function of
E7 − 1 have a pole at s = 0 by giving equivalent conditions for π1  π2 to have degree 4 isobaric
constituents.
Proposition 3.2.1. Let w˜l and w˜θl be the longest elements of the Weyl group of T in G and M respectively,
w˜0 = w˜l w˜θl . Denote by X(π) the group of all characters χ of M such that χ ⊗ π ∼= π . A necessary and
suﬃcient condition for w˜0(π) ∼= π is: there exist characters χ , χ ′ of order dividing 12 such that π∨ ∼= π ⊗χ ,
π∨ ∼= w˜0(π) ⊗χ ′ and χχ ′−1 ∈ X(π).
Proof. Denote by sα the simple reﬂection associated with the root α. Following the labelling of roots
in [3], we have w˜θl = sα3 sα1 sα3 sα2 sα6 sα5 sα6 sα7 sα6 sα5 . Using the fact that the Cartan matrix for E7 is⎛⎜⎜⎜⎜⎜⎜⎜⎝
2 0 −1 0 0 0 0
0 2 0 −1 0 0 0
−1 0 2 −1 0 0 0
0 −1 −1 2 −1 0 0
0 0 0 −1 2 −1 0
0 0 0 0 −1 2 −1
0 0 0 0 0 −1 2
⎞⎟⎟⎟⎟⎟⎟⎟⎠
(cf. p. 281 of [3]), direct calculation gives
sα5(α4) = α4 + α5, sα6(α4 + α5) = α4 + α5 + α6,
sα7(α4 + α5 + α6) = α4 + α5 + α6 + α7, sα6(α4 + α5 + α6 + α7) = α4 + α5 + α7 + α6,
sα5(α4 + α5 + α7 + α6) = α4 + α7 + α6 + α5, sα6(α4 + α7 + α6 + α5) = α4 + α5 + α6 + α7,
sα2(α4 + α5 + α6 + α7) = α4 + α2 + α5 + α6 + α7,
sα3(α4 + α2 + α5 + α6 + α7) = α4 + α3 + α2 + α5 + α6 + α7,
sα1(α4 + α3 + α2 + α5 + α6 + α7) = α4 + α3 + α1 + α2 + α5 + α6 + α7,
sα3(α4 + α3 + α1 + α2 + α5 + α6 + α7) = α1 + α2 + α3α4 + α5 + α6 + α7.
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α1, α2, α3, α4, α5, α6, α7 respectively to α3, α2, α1, −α1 − α2 − α3 − α4 − α5 − α6 − α7, α7, α6, α5.
Hence
w˜0
(
a(t)
)= Hα1(t−4)Hα3(t−8)Hα2(t−6)Hα4(t−12)Hα5(t−9)Hα6(t−6)Hα7(t−3)
so w˜0(ωπ ) = ω−6π1 ω−4π2 ω−3σ . Therefore w˜0(ωπ ) = ωπ = ω6π1ω4π2ω3σ if and only if ω12π1ω8π2ω6σ = 1, i.e.
ωπ is trivial or quadratic. Identifying the derived group MD of M with SL2 ×SL3 ×SL4, it follows from
Remark 2.2.1 that
w˜0(π1 ⊗π2 ⊗ σ)|MD ∼= π1|SL2(F ) ⊗π∨2
∣∣
SL3(F )
⊗ σ∨∣∣SL4(F ).
Since a character χ on M acts trivially on MD , it acts on A by χ(a(t)) = χ(Hα4 (t12)) = χ(λ ◦
Hα4 (t
12)) = χ12(t) where t ∈ F ∗ and λ is the algebraic character dual to Hα4 .
If w˜0(π) ∼= π , w˜0(ωπ ) = ωπ and w˜0(π)|MD ∼= π |MD . Thus w2π = 1 and ωπ∨ = ωπ . Let
π |MD =
⊕
i, j,k
δi ⊗  j ⊗ ηk
where δi ,  j , ηk are some irreducible constituents of π1|SL2(F ) , π2|SL3(F ) and σ |SL4(F ) respectively. Such
a decomposition holds by Lemma 2.1 of [30]. The calculation in the last paragraph shows that
w˜0(π)|MD ∼=
⊕
i, j,k
δi ⊗ ∨j ⊗ η∨k .
It follows that w˜0(π)|MD ∼= π∨|MD . Corollary 2.5 of [30] and ωπ∨ = ωπ = w˜0(ωπ ) implies there exist
characters χ , χ ′ of order dividing 12 such that π∨ ∼= π ⊗ χ and π∨ ∼= w˜0(π) ⊗ χ ′ . We then have
π ⊗ χ ∼= w˜0(π) ⊗ χ ′ and so χχ ′−1 ∈ X(π).
Conversely, if there exist characters χ , χ ′ of order dividing 12 such that π∨ ∼= π ⊗ χ , π∨ ∼=
w˜0(π) ⊗χ ′ and χχ ′−1 ∈ X(π). We then have w˜0(π) ∼= π ⊗χχ ′−1 ∼= π . 
Proposition 3.2.2. Let F be a local ﬁeld and π1 , π2 be irreducible unitary supercuspidal representations of
GL2(F ), GL3(F ) respectively. Then Π = π1  π2 has an isobaric constituent of degree 4 if and only if π2 is
twist equivalent to Ad(π1) and π1 is not tetrahedral. In that case, denoting the central character of π1 by ωπ1 ,
π2 ∼= Ad(π1) ⊗ μ−1 for a unique unitary character μ; Π = τ1  τ2 where τ1 ∼= Sym3(π1) ⊗ ω−1π1 μ−1 and
τ2 ∼= π1 ⊗μ−1 .
Proof. Since all isobaric constituents of Π are unitary supercuspidal by Lemma 2.3.2, this follows
from similar arguments in the proof of Theorem 3.1 of [25], part 1, Case 7.2. 
Theorem 3.2.3. In order for the local triple L-function
L(s,π, r1) = L
(
s, (π1 π2) × σ
)
to have a pole at s = 0, it is necessary and suﬃcient that there exists a unique unitary character μ of F ∗ such
that π2 ∼= Ad(π1) ⊗μ−1 and Sym3(π1) ⊗ω−1π1 μ−1 ∼= σ∨ .
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In this subsection, we seek for degree 3 isobaric constituents in
∧2
(σ ) using Theorem 3.3.1. Using
Proposition 5.1 of [6], we reduce the consideration to cases (b) and (c). We also show that in order
for
∧2
(σ ) to have degree 3 isobaric constituent, σ = σ1σ2 where σ1 and σ2 are irreducible unitary
supercuspidal representations of GL2(F ) such that at least one of σ1 and σ2 is non-dihedral or σ =
I FE (δ), the automorphic induction of an irreducible unitary non-dihedral supercuspidal representation
δ of GL2(E) which is twist equivalent to its Galois conjugate.
We ﬁrst need to introduce some new terminology to state the criterion.
Let k be an algebraically closed ﬁeld whose characteristic is not two and V a ﬁnite dimensional
vector space with a nondegenerate, symmetric bilinear form B . Deﬁne the associated orthogonal simil-
itude group
GO(B) = {g ∈ GL(V ) ∣∣ B(gv, gw) = λ(g)B(v,w) with λ(g) ∈ k∗ for all v,w ∈ V }.
If V = kn with B the standard bilinear form B0 : (v,w) → vtw , then one writes GOn(k) instead of
GO(B).
Since det(g)2 = λ(g)2m for any g ∈ GO2m(k), we can deﬁne a homomorphism called the similitude
norm
ν : GO2m(k) → {±1}
by ν(g) = λ(g)−m det(g). The kernel of ν , denoted GSO2m(k) is called the special orthogonal similitude
group.
We adopt the following deﬁnitions from [1].
Assume for now V is four-dimensional over k and (ρ, V ) is an irreducible representation of an
abstract group G . Deﬁne ρ to be essentially self-dual if there is a character ψ of G such that ρ ∼=
ρ∨ ⊗ ψ . We say that ρ is of symplectic type if ψ is a subrepresentation of ∧2(ρ) and of orthogonal
type if ψ is a subrepresentation of Sym2(ρ). If ρ is essentially self-dual of orthogonal type, then there
is a non-trivial bilinear form B on V such that G acts on V by similitudes of B . The kernel of B is
a G-invariant proper subspace of V and hence trivial. Thus B is nondegenerate and ρ(G) ⊂ GO(B).
If ρ(G) ⊂ GSO(B), then we say that ρ is of proper orthogonal type; otherwise, we say that ρ is of
improper orthogonal type.
With the above deﬁnitions, we cite the following theorem by A. Kable which is Theorem 6.5 of [1].
Theorem 3.3.1. Let ρ be an irreducible four-dimensional representation of a group G over an algebraically
closed ﬁeld whose characteristic is not two. Then the following conditions on ρ are equivalent:
(i)
∧2
(ρ) is reducible.
(ii) ρ satisﬁes at least one of the following:
(a) ρ is essentially self-dual of symplectic type,
(b) ρ is essentially self-dual of proper orthogonal type,
(c) ρ has a non-trivial quadratic self-twist.
Taking G as the Weil group WF and using similar arguments as in Example 6.4 of [1], one can
construct an irreducible four-dimensional representation of WF which lies in the three cases (a), (b)
and (c) of Theorem 3.3.1(ii). Hence these three cases are not mutually exclusive.
Let V be a four-dimensional vector space over an algebraically closed ﬁeld K not of characteristic
2 endowed with a k-structure where k is a subﬁeld of K . Let F be an alternating bilinear form on
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GSp(V ) = {(g,α) ∈ GL(V ) × Gm ∣∣ F (gv, gw) = α(v,w)}.
The homomorphism sim : GSp(V ) → Gm such that sim(g,α) → α is called the similitude character.
By a suitable choice of a symplectic basis of V (k), we may assume F is represented by
J =
⎛⎜⎝
1
1
−1
−1
⎞⎟⎠ .
Deﬁne
GSp4 = GSp(V ) =
{
g ∈ GL4
∣∣ gt J g = sim(g) J}
where gt is the transpose of g .
The global automorphic analogue of the proposition below is proved in [1].
Proposition 3.3.2. Let ρ be an irreducible four-dimensional representation of the Weil group WF such that
image of ρ is contained in GSp4(C). Let i : GSp4(C) ↪→ GL4(C) be the inclusion map. Denote by r˜5 the
representation std⊗ sim where std (resp. sim) is the standard representation (resp. similitude character) of
GSp4(C). Then ∧2
(ρ) = r˜5(ρ) ⊕ sim .
Proof. This follows by direct calculation. 
We now recall the deﬁnition of Asai transfer from [16].
Let E/F be a quadratic extension of local ﬁelds and ΓF the absolute Galois group of F . Deﬁne the
representation r : (GL2(C) × GL2(C)) ΓF → GL4(C) × ΓF by
r(x, y, γ ) =
{
(x⊗ y, γ ) if γ restricted to E is trivial,
(y ⊗ x, γ ) if γ restricted to E is not trivial.
Let δ be an irreducible supercuspidal representation of GL2(E) and κ : WE → GL2(C) be the irre-
ducible two-dimensional representation of WE attached to δ by the local Langlands correspondence
for GL2. View δ as a supercuspidal representation of RE/F GL2(F ) where RE/F GL2 is the restriction of
scalars of GL2 to F . Let φ : W ′F → (GL2(C) × GL2(C)) ΓF be the corresponding parametrization for
δ on RE/F GL2 where
φ(γ ) =
{
(κ(γ ),κ(wθγ w
−1
θ ), γ ) if γ restricted to E is trivial,
(κ(γ w−1θ ), κ(wθγ ),γ ) if γ restricted to E is not trivial.
Here W ′F is the Deligne–Weil group associated to F . Denote by As(δ) the irreducible admissible rep-
resentation of GL4(F ) attached to As(ρ) = r ◦ φ through the local Langlands correspondence for GL4.
We call As(δ) the Asai lift or transfer of δ with respect to the quadratic extension E/F .
We shall need to establish certain important identities through local–global methods which will
be important in handling the last case that appears in our criterion when
∧2
(σ ) is not supercuspidal.
To check for local–global compatibility, we need Theorem 1 and the Grunwald–Wang theorem from
Chapter 10 of [2] below.
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acter of F ∗ associated to E/F by class ﬁeld theory and δ an irreducible unitary supercuspidal representation of
GL2(E). Then the following properties of As(δ) hold:
(i)
∧2
(I FE (δ))
∼= (As(δ) ⊗ωE/F ) I FE (ωδ).
(ii) If ν is a character of E∗ such that there exists a supercuspidal representation δ0 of GL2(F ) such that
δ ⊗ ν ∼= (δ0)E , then
As(δ) ∼= (Sym2(δ0) ⊗ ν−10 )ωδ0ν−10 ωE/F
where ν0 is the restriction of ν to F ∗ .
Proof. Note that if E/F is a quadratic extension of number ﬁelds and δ is a global cusp form of
GL2(AE), As(δ) = ⊗v As(δv) is automorphic and identity (i) hold as automorphic representations.
This follows from Theorem 1.4(a) of [23], the proof of Lemma 7.3 of [16], Lemma 7.2 of [16] and
the two theorems of [13]. Hence it suﬃces to embed our given supercuspidal as a local component
of a global cusp form by Proposition 5.1 of [29] and taking an Asai lift with respect to a suitable
quadratic extension of number ﬁelds which agrees with As(δ) with respect to E/F . Theorem 1 from
Chapter 10 of [2] shows that the special case does not occur with m = 2 by condition (iii) and so the
Grunwald–Wang theorem ensures that this can be done.
For (ii), we embed ν and δ0 as local components of global cusp forms χ and Π0 as before. Then
δ is the local component of (Π0)L ⊗ χ−1 which we shall denote as Π . Here L/M is again a suitable
quadratic extension whose completions at suitable places give E/F . Then with Π ⊗ χ ∼= (Π0)L , the
proof of Theorem 7.1 of [16] gives
As(Π) ∼= (Sym2(Π0) ⊗ χ−10 )ωΠ0χ−10 ωL/M
where χ0 is the restriction of χ to the idele classes of M . Therefore
As(δ) ∼= (Sym2(δ0) ⊗ ν−10 )ωδ0ν−10 ωE/F
where ν0 is the restriction of ν to F ∗ . 
Lemma 3.3.4. Let E/F be a quadratic extension of local ﬁelds with non-trivial automorphism θ and μ a
unitary character of E∗ whose restriction to F ∗ is trivial. Then there exists a unitary character ν of E∗ such
that μ = ν/νθ .
Proof. For a local ﬁeld M , let M̂∗ denote the unitary dual of M∗ . By Pontryagin duality, Ê∗/(θ − 1)Ê∗
is the unitary dual of (E∗)Γ = F ∗ where Γ = Gal(E/F ). Thus the sequence
1 → (1− θ)Ê∗ → Ê∗ → F̂ ∗ → 1
is exact. 
Proposition 3.3.5. Let σ be an irreducible unitary supercuspidal representation of GL4(F ). Then
∧2
(σ ) has
an isobaric constituent of degree 3 if and only if one of the following holds:
(1) σ = σ1σ2 where σ1 and σ2 are irreducible unitary supercuspidal representations of GL2(F ) and at least
one of σ1 or σ2 is not dihedral. Then σ2 is not twist equivalent to σ1 if both σ1 and σ2 are non-dihedral.
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(σ ) ∼= (ωσ1 ⊗ Sym2(σ2)) (Sym2(σ1) ⊗ωσ2). (3.1)
whereωσ1 ⊗Sym2(σ2) (resp. Sym2(σ1)⊗ωσ2 ) is supercuspidal if and only if σ2 (resp. σ1) is not dihedral.
(2) σ = I EF (δ), the automorphic induction of an irreducible non-dihedral unitary supercuspidal representation
δ of GL2(E) from E to F where E/F is a quadratic extension. Moreover there exists a unique non-trivial
character η of E∗ such that δθ ∼= δ ⊗ η where θ is the generator of Gal(E/F ). In this case, η = ν/νθ for
some unitary character ν of E∗ and δ⊗ν ∼= (δ0)E for some irreducible unitary non-dihedral supercuspidal
representation δ0 of GL2(F ). We have∧2
(σ ) ∼= (Sym2(δ0) ⊗ ν−10 )ωδ0ν−10 ωE/F  I FE (ωδ) (3.2)
where ν0 is the restriction of ν to F ∗ .
Proof. Let ρ be the irreducible four-dimensional representation of WF attached to σ by the local
Langlands correspondence of GL4. Suppose
∧2
(ρ) has an irreducible constituent of degree 3. By The-
orem 3.3.1, ρ satisﬁes one of the following:
(a) ρ is essentially self-dual of symplectic type,
(b) ρ is essentially self-dual of proper orthogonal type,
(c) ρ has a non-trivial quadratic self-twist.
If ρ is essentially self-dual of symplectic type, then its image is contained in GSp4(C). Since cases
(II) and (III) of Proposition 5.1 of [6] occur when the underlying four-dimensional representation
is induced from an irreducible two-dimensional representational representation of an index 2 Weil
subgroup, Proposition 2.3.1(ii) implies they may be regarded as subcases of case (c). Moreover, Propo-
sition 5.1 of [6] implies that either r˜5(ρ) is irreducible (cf. Proposition 3.3.2) or ρ falls into case (c).
Thus we may reduce our consideration to only case (b) and case (c).
When case (b) holds, image of ρ is contained in GSO4(C) and so there exist irreducible two-
dimensional representations ρ1, ρ2 of WF such that ρ = ρ1 ⊗ ρ2. By twisting ρ1 by a suitable
character χ and ρ2 by χ−1, we may assume that det(ρ1) is unitary. Since det(ρ) = det(ρ1)det(ρ2),
det(ρ2) is also unitary. From Lemma 2.3.5(vii), we have∧2
(ρ) ∼= (det(ρ1) ⊗ Sym2(ρ2))⊕ (Sym2(ρ1) ⊗ det(ρ2)).
It follows from Lemma 2.3.5(iv) and Proposition 2.3.6 that one of ρ1, ρ2 must be non-dihedral. Let
σ j ( j = 1,2) be the irreducible unitary supercuspidal representation of GL2(F ) attached to ρ j by the
local Langlands correspondence for GL2. If both σ1 and σ2 are non-dihedral, σ2 is not twist equivalent
to σ1 by Theorem A(a) of [21].
When case (c) occurs, ρ is induced from some irreducible two-dimensional representational repre-
sentation ρ ′ of an index 2 Weil subgroup WE by Proposition 2.3.1(ii), i.e. σ = I FE (δ), the automorphic
induction of an irreducible supercuspidal representation of GL2(E) from E to F where E/F is a
quadratic extension. Note that δ is the irreducible supercuspidal representation of GL2(E) attached
to ρ ′ by the local Langlands correspondence for GL2. As image of ρ is bounded, ρ ′ as a constituent
of ρ|WE by Proposition 2.3.1(iv) also has bounded image. Thus δ is unitary. We have∧2(
I FE (δ)
)∼= (As(δ) ⊗ωE/F ) I FE (ωδ)
by Lemma 3.3.3(i). Since Theorem B of [21] implies As(δ) has no degree 3 isobaric constituent when
δ is dihedral, δ must be non-dihedral. Moreover, there exists some unique character η of E∗ such that
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ﬁeld theory. Note that η must be non-trivial for otherwise χ is trivial and so ρ is not irreducible by
Proposition 2.3.1(iv). Taking central characters gives ωθδ = ωδη2 and so η is unitary and its restriction
to F ∗ which we denote by η0 is trivial or ωE/F . Also, the Remark in Section 2 of [20] implies η0 = 1.
Thus there exists some character ν of E∗ such that η = ν/νθ by Lemma 3.3.4. Then (δ ⊗ ν)θ ∼= δ ⊗ ν
and so (ρ ′ ⊗υ)θ ∼= ρ ′ ⊗υ for υ = ν ◦ τF by local Langlands correspondence for GL2. Hence by Propo-
sition 2.3.1(i), there exists a degree 2 irreducible representation ρ ′0 of WF such that ρ ′0|WE ∼= ρ ′ ⊗ υ .
Let δ0 be the irreducible supercuspidal representation of GL2(F ) attached to ρ ′0 by local Langlands
correspondence for GL2. We have (δ0)E ∼= δ ⊗ ν . Lemma 3.3.3(ii) then implies
As(δ) ∼= (Sym2(δ0) ⊗ ν−10 )ωδ0ν−10 ωE/F
where ν0 is the restriction of ν to F ∗ . Since ωδ0ν
−1
0 ωE/F is an isobaric constituent of
∧2
(σ ), it is
unitary by Lemma 2.3.2. This together with ν−10 ωE/F gives the unitarity of ωδ0 and thus also of δ0 as
δ0 is supercuspidal.
To show Sym2(δ0) ⊗ ν−10 is supercuspidal, it suﬃces to prove that Ad(ρ ′0) is irreducible by lo-
cal Langlands correspondence for GLn and identity 2.3.5(iv). Since ρ ′ is non-dihedral, ρ ′ ⊗ υ is also
non-dihedral by Proposition 2.3.1(ii). It follows from Proposition 2.3.6 that Ad(ρ ′0|WE ) ∼= Ad(ρ ′0)|WE is
irreducible and so Ad(ρ ′0) is also irreducible.
The converse is clear in view of what has been proved. 
Theorem 3.3.6. The local L-function
L(s,π, r2) = L
(
s,π∨2 ⊗ σ ,
(
ρ3 ⊗ω2π1ωπ2
)⊗∧2(ρ4))= L(s, (π∨2 ⊗ω2π1ωπ2)×∧2(σ ))
has a pole at s = 0 if and only if one of the following conditions holds:
(1) σ = σ1  σ2 where σ1 and σ2 are irreducible unitary supercuspidal representations of GL2(F ) and at
least one of σ1 or σ2 is not dihedral. Moreover, one of the following should hold:
(1a) ωσ1 ⊗ Sym2(σ2) ∼= π2 ⊗ω−2π1 ω−1π2 if σ2 is not dihedral,
(1b) ωσ2 ⊗ Sym2(σ1) ∼= π2 ⊗ω−2π1 ω−1π2 if σ1 is not dihedral.
(2) σ = I EF (δ), the automorphic induction of an irreducible non-dihedral unitary supercuspidal representation
δ of GL2(E) from E to F where E/F is a quadratic extension. Moreover there exists a unique non-trivial
character η of E∗ such that δθ ∼= δ ⊗ η where θ is the generator of Gal(E/F ). In this case, η = ν/νθ
for some character ν of E∗ and δ ⊗ ν ∼= (δ0)E for some irreducible unitary non-dihedral supercuspidal
representation δ0 of GL2(F ). Furthermore, we should have
Sym2(δ0) ⊗ ν−10 ∼= π2 ⊗ω−2π1 ω−1π2
where ν0 is the restriction of ν to F ∗ .
In particular, L(s,π, r2) does not have a pole at s = 0 when the residual characteristic of F is odd.
Proof. This follows from Proposition 3.3.5. 
Finally, we are now able to state the irreducibility criterion for E7.
Theorem 3.3.7. Let G be the simply-connected group of type E7 over a p-adic ﬁeld F , θ =  − {α4} and
Pθ =MN be the standard maximal parabolic subgroup of G associated to θ . Let π be an irreducible constituent
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of M.
Denote by X(π) the group of all characters χ of M such that χ ⊗ π ∼= π . If there do not exist characters
χ , χ ′ of order dividing 12 such that π∨ ∼= π ⊗ χ , π∨ ∼= w˜0(π) ⊗ χ ′ and χχ ′−1 ∈ X(π), then I(0,π) is
irreducible. If there exist characters χ , χ ′ of order dividing 12 such that π∨ ∼= π ⊗χ , π∨ ∼= w˜0(π)⊗χ ′ and
χχ ′−1 ∈ X(π), then I(0,π) is irreducible if and only if exactly one of the following conditions holds:
(1) There exists a unique unitary character μ of F ∗ such that π2 ∼= Ad(π1) ⊗ μ−1 and Sym3(π1) ⊗
ω−1π1 μ
−1 ∼= σ∨ .
(2) One of the following conditions holds:
(2.1) σ = σ1  σ2 where σ1 and σ2 are irreducible unitary supercuspidal representations of GL2(F ) and
at least one of σ1 or σ2 is not dihedral. Moreover, one of the following should hold:
(2.1a) ωσ1 ⊗ Sym2(σ2) ∼= π2 ⊗ω−2π1 ω−1π2 if σ2 is not dihedral,
(2.1b) ωσ2 ⊗ Sym2(σ1) ∼= π2 ⊗ω−2π1 ω−1π2 if σ1 is not dihedral.
(2.2) σ = I EF (δ), the automorphic induction of an irreducible non-dihedral unitary supercuspidal rep-
resentation δ of GL2(E) from E to F where E/F is a quadratic extension. Moreover there exists a
unique non-trivial character η of E∗ such that δθ ∼= δ ⊗ η where θ is the generator of Gal(E/F ).
In this case, η = ν/νθ for some character ν of E∗ and δ ⊗ ν ∼= (δ0)E for some irreducible unitary
non-dihedral supercuspidal representation δ0 of GL2(F ). Then we should furthermore have
Sym2(δ0) ⊗ ν−10 ∼= π2 ⊗ω−2π1 ω−1π2
where ν0 is the restriction of ν to F ∗ .
Assume there exist characters χ , χ ′ of order dividing 12 such that π∨ ∼= π ⊗χ , π∨ ∼= w˜0(π)⊗χ ′ , χχ ′−1 ∈
X(π) and I(0,π) is irreducible. Choose a unique j, j = 1 or 2, such that condition ( j) holds. Let α˜ be the
fundamental weight for α4 . Then:
(i) For 0< s < 1/ j, the representation I(sα˜,π) is irreducible and in the complementary series.
(ii) The representation I(α˜/ j,π) is reducible with a unique χ -generic subrepresentation which is in the
discrete series (a special representation). Its Langlands quotient is never generic. It is a pre-unitary non-
tempered representation.
(iii) For s > 1/ j, the representations I(sα˜,π) are always irreducible and never in the complementary series.
If I(0,π) is reducible, then no I(sα˜,π), s > 0, is pre-unitary. They are all irreducible.
Proof. This follows from Corollary 7.6 of [29], Proposition 3.2.1, Theorem 3.2.3, Theorem 3.3.6 and
Theorem 8.1 of [29]. 
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